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1. DEFINITIONS AND AUXILIARY RESULTS

DEFINITION 1.1. Let (C/Jn)nEI!\' C/J n: [0, b 1---+ IP (b> 0) be a sequence of
functions, having the following properties:

(i) C/J n is infinitely differentiable on 10, b I;
(ii) C/Jn(O) = 1;

(iii) C/J n is completely monotone on 10,bj, I.e" (-I)kC/J~kl(x)~O for
x E 10, bland kENo;

(iv) there exists an integer c, such that

for x E [0, bl, kEN, n EN, n > max(c, 0).

Then the sequence (C/Jn)nEN generates two sequences of operators, namely,

xE 10,bl, nEi\, (1.1)

and

J (_I)k 1 \ (k) ( k'f (g; x):= ".' -- C/J<kl(X)Xk - g - + g 2x - _) I,
n k"--'O k! n 2 Inn \

xE[O,bj,nEIN. (1.2)

Remarks. (1) It can be shown that operators (1.1) specialize some well
known operators as those of Baskakov III and Schurer 191.

* This paper is part of the author's dissertation.
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(2) A remark of Schurer [9; p. 23] says that the function can be
continued analytically to a function e", which is holomorphic in the closed
disk B := lz E C: Iz - bl ~ b}. A complete proof of this fact is given in [2:
p.47fT·l·

Let now Xc IR be an interval, then CM(X) denotes the space of all functions
f E C(X) such that

If(t)1 ~ A(f) + B(f) It Imen

for some constants A (f), B(f) E ~?' and m(f) E IN ().

THEOREM 1.2. (a) (T")"E N is a sequence of linear positive operators from
CIf I0, (0) in C [0, b I with the property

lim T,,(f: x) =f(x),
,,~

fE CIf[O, (0), x E 10, bl·

(b) CT")"EN is a sequence of linear positive operators from CIf(P) in
C[O, b) with the property

lim T,,(g: x) = g(x),
n---+,x

gECH(r'f~), xE [O,b[.

Proof Part (a) follows immediately from a theorem of Rathore (cf. [6:
pp. 35-39]). Moreover (b) follows from (a) and the fact that

T,,(g; x) = ilT,,(g; x) + T,,(g(2x - t); x)f,

For n E ~\j. s E lN o and x E 10, bl we write

I
T,,((t - x)'; x) = -----,- M" s(x),n' .

where

xE 10.bl. I

(1.3)

'x ( l)k
U' ()._ \' -=-- rh(k)( ) k (k _ )5
lYl".SX .- ~ k' 'l'" X X nx.

k 0 •

Then the following result of Sikkema 110; Satz 4: p. 2361 is valid.

(1.4 )

LEMMA 1.3. For mE lN o' n E IN, n > max(c, 0) and x E [0, b J we have

m ( )_ '\' m _ m-s _
M".m+ l(X) - nx ~ s (I cx) M,,_c.s(x) nxM".m(X)'

5 ::::-···0

( 1.5)
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From the recurrence relation (1.5) we obtain

LEMMA 1.4. For m E iN, n E IN, n > max(c, 0) and x E 10, bjthejormula

Im,21

Mn,m(x) = ,,' 'Pmjx) nl

i II

( 1.6)

holds, where 'Pm.j (0 (j ( [m12 J) is an algebraic polynomial oj degree m in
x. Moreover there exists a positive constant C(m, b) such that

and

ITIl((t - x)m; xli (e(m, b) n-!(m+ 1112)

hold uniformly for all x E [0, bI and n > max(mc, 0).

Proof To prove Lemma 1.4 we have only to show that formula (1.6) is
valid. This will be done by means of mathematical induction. According to
Baskakov [I; p. 249 f.) we have

MIl.II(x) = Tn ( I; x) = 1.

Now let us assume that for 0 ( r < m

[r; 2 J

MIl.r(x) = ~ 'Pr)x)n<
i II

where 'Pr,j (0 (j ( Irl2 /) is an algebraic polynomial of degree r in x.
By Lemma 1.3 we obtain

moo I

M (x)=nx \'n,m _
s 0

(
m-

s
1)(1 -ex)'" I 'MIl'c./x)--nxMn .", J(x)

+

= nx ~~ (m ~ I) (I _ ex)'" ]IMn_c,J:r)

+nx[Mnc.",_,(x)-MIl .", ,(x)]

Il~/ [~~I (m" I) 'P"jx)( 1 _ ex)'" I 'nx(n -- C)I

" 0 j--O

II'" 1)121 i I .\ '\' (J) ( )j - k 111 () A_-C T", I.j X n .
j II k II . k

( 1.7)
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We can see from (1.7) that the degree in n of Mn,m(x) is equal to Iml21,
Moreover we know that 'PS,j is an algebraic polynomial of degree s in x for

all °~ j ~ Is/2] (0 ~ s ~ m - 1), Thus we can write

with suitable polynomials 'Pm,j of degree m in x. I

THEOREM 1.5 (Conclusions from Definition 1.1).

(a) The case c E , c> 0. (i) Suppose, there is a sequence (c1J n)nEi'i'
which satisfies the conditions of Definition 1.1 on an interval 10, b I with

c> 0, then it must be °~ b ~ lie.

(ii) For each sequence (c1J n )nEiN' which satisfies the conditions of
Definition 1.1 on an interval 10, b I with c > 0, we have

c1Jcm +)x) = (I - cx)m +/1<'

(_I)m m .X

+-(m-~-I-)! II (ck+j) I (x~t)m-l{c1Jp)-(l~ct)j/c}dt,
k I • 0

j = 1, 2,..., c; m E iN; x E 10, b I. (1. 8)

(iii) The sequence c1J n(x) = (1 - xy satisfies all conditions of
Definition 1.1 with c = 1 on the interval 10, I]. However, for c >° the
sequence c1J n(x) = (1 - cx)n/c does not satisfy all conditions of Definition 1.1
(cf a remark of Schurer in [9; p. 66]).

(b) The case c = 0. Incase c = °the conditions of Definition 1.1 are
only satisfied for the sequence c1Jn(x) = exp(-nx), namely, on any interval
10, b I with b > 0. Hence the corresponding operators Tn and Tn are defined
for all x ;) 0.

(c) The case c E 71, c < 0. Suppose, there is a sequence (c1J n)nE ", which
satisfies the conditions of Definition 1.1 on an interval 10, b] with c < 0, then
we have c1J n(x) = (1 - cxy/c. On the other hand, the sequence ~n(x) =
(I - cxt/c satisfies the conditions of Definition 1.1 on any interval 10, b]
with b > 0. Thus the corresponding operators Tn and Tn are defined for all
x;) 0.

Proof (a) (i) From the positivity of the operator Tn we get

2 b(l - cb)
TnW - b) ; b) = ;) 0,

n

i.e.. b(l-cb);)O and thus O~b~ lie.
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(ii) Formula (1.8) follows from property (iv) of Definition 1.1, cf.
Schurer 19; p. 63 f.l.

(b) The initial value problem cP,,(x)=-ncP,,(x), cP,,(O) = I has a
unique solution, which is given by cP ,,(x) = exp( ~nx).

(c) As we have seen, the function cP" can be continued analytically to

a function e", which is holomorphic on Iz - b i ( b. Thus. expanding e" in a
Taylor series. we have for a suitable R > 0

IZI <R.

Moreover we obtain from property (iv) of Definition 1.1

k I

cP~k)(x)=~ncP~k_-cl)(x)=· .. =(-I)k I [ (n-ie)cP" kc(X).
i - 0

and hence

k I

cP~k)(O)=(~I)k II (n-ie).
i ()

Therefore

C\ (~I)'n(n - e) ... (n - (k - I)e)e (z) = \ Zk":--0 k!

izl <R

and thus by means of analytic continuation

en(z) = (I - ez)"/c for Iz-bl(b. I

2. AN ASYMPTOTIC ESTIMATION FOR T,,(lt-xlll;X)

In this section we will show that the asymptotic estimation

__ Ill. ~ T((ft + I )/2) ~ 2x( I - ex) JIlI2
T,,(lt x .x)= r=

V7[ n
n --> 00 (2. I )

holds for all fJ > 0 and all x in a suitable interval.
Now. using the result of 13: Theorem 3.2) and Lemma 1.4. we obtain
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THEOREM 2.1. Let (<1>n)nE'" be a sequence of functions, which satisfies
the conditions of Definition 1.1 on an interval [0, b). Suppose, for a real a.
a <1and all x E [0, b] the asymptotic relation

(_I)k <1>(kl(X) xk
k! n"

I I r -n ( k) ']
~ V;; V2nx(I - cx) exp l2x(l- cx)-; - x J'

n. 00, holds uniformly for all kEAn(x):= jkE I: Ikln-xl <nllf, then
for all fJ > 0 and all x E [0, b I the estimation

1-18 . ~ r((fJ+I)/2) l2X(I-CX).J
8n

Tn ( t x , x) = c '
V n n

is valid.

Remark. For the Bernstein- and Szasz-Mirakjan-operators the result of
Theorem 2. I was already probed by Rathore in [5].

THEOREM 2.2. (a) Let (<1>n)nE\I be a sequence of functions, which
satisfies the conditions of Definition 1.1 on an interval [0, b] with c :> 0, then
estimation (2.1) holds for all 0 <x < min(b, I/(2c)) and all fJ :> O.

(b) In case of Bernstein-operators (i.e., <1> n(x) = (1 - cx)n) (2.1) is
valid for all fJ :> 0 and all 0 < x < 1.

(c) We have learned from Theorem 1.5 that in case c ~ 0 the
conditions of Definition 1.1 are only satisfied by the sequences <1> n(x) =
exp(-nx) (c = 0) and <1>n(x) = (1 - cx)n/c (c < 0), namely, on any interval
10, bI (b > 0). Then (2.1) holds for all x :> 0 and all fJ :> O.

Proof (a) Step I. For 0 < x < min(b, I/(2c)) the asymptotic relation

(_I)k rh(k)( ) k~ n(n - c) ... (n - (k - l)c) (I _ )n/c k /( (22)
'l' n X X cx x , .

k! - k!

11 --> 00, holds uniformly for all k E An(x) := {k E Jl: Ikin - x I < n - II f. where

*<a<1.

Proof of Step I. Suppose, we have n;;;, no(x);;;' 12c/( I - CX)jl/". Hence.
putting l1=cm+} (mE N;)= I,... , c), we get

I
kin m+ I
~-x <n-ll=>k<~~~~~m-I.

11 2c 2
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Now for °(k (m ~ I formula (1.8) of Theorem l.5 yields

(_I)k (k) k

~qJem.}x)x

U+em)U+e(m-I))·,· U+e(m-k+ 1»( lic'lm
= I -ex)' L

kl

{_I)mfk m .1

+ !!(ei+J)xkl (x-t)m I k1qJ;U)-(I--el)llf dl .
(m - I - k)! k! i I ·0

(2.3 )

Moreover

fm(x):= n:"jk(ci+)/
(m·- I ~ k)! (I ~ ex)m ktj!c

.X

X \ (x-- I)'" I "i qJi(t) -- (I -- elye I dl
. (I -______ _________

~D

Ilr~ / (ei + J)x'" "( D --~'------'----'-----'----'---,.---,--.
(m - I - k)! (I - ex)m djle

.' (ex)1ff k

(D(m - k + Jle) (I _ ex)fII Atie

=D(m _ k + Jle)(cx) ile! ex (fII li)/e k

11 -exJ

(D(ex) iC(m + Jle) II ~'(ex j"fII +ile k

(D(ex) ih'(m + jle) r I ex .1
11cm

./I:e)ll

I . ex

uniformly for all k E Anix), because

2('.\")

--+ 0, m---+ 00, (2.4 )

n'
0< x < min(b, 1/(2e») =-> °< -'-- '--- 1.

1 -ex

From (2.3) and (2.4) we receive (2.2). •

Slep II. For 0 < x < min(b, 1/(2e)) the asymptotic relation

(_I)" Ik) • .k~ I l -11 (' k)'J
--,~f/J1l (,t).t = r' .exp ---x .

k. V271X( I - ex) 11 2x( 1- ex) 11 .

/1 • 00, i 2. 5 )

holds uniformly for all k E AIl(x), where ~ < u < t
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Proof of Step 11. Using Stirling formula we obtain from (2.2)

(_I)k C/Jlk)( ) k::::: n(n - e) .,. (n - (k - I )e) (1 _ )n/c k.,.k
I,' n X X _ ex ,
1\. k!

r(nle + 1) (1 )n:c.-k .k
r(nle-(k-l))k! -ex .X

(nle+ 1)"!c+I!2(I_ex)"C'k x k

= k Aj 1!2(nle - (k - 1nn/c-A. 1,/2 V2n
=_1_ / n+e [(n+e)(l-ex)t·kC)/crX(n+:2.1k

V2n 'v k(n - ke + e) l n + e - ke J k

~ I 1 rn(l-eX)J(n Ael!e rnx 1A

- -- -- n ---> 00 (2.6)- V2n vix( 1 - ex) n - ke k ,.

=:W,.(x)
uniformly for k E A n(x).

Now

r
n - ke ] [ k ]-log Wn(x) = (nle - k) log + k log -

n(1 - ex) nx

=~(I-eX)rl- e (~-x)l'ogrl __e (~-x)l
e I - ex n J I - ex n J

(2.7)

By Taylor formula for lUi < I

1 , I u' I
log(l+u)=u--U"+- =u--

2
u 2(I+cu),

2 3 (I + au)'

[; _e'~ (k
n
' -x)'1

2 (I - ex)' J

o< a < I. where f; remains bounded as u ---> O. Substituting in (2.7)

-log rVn(x)=~(I-ex)11 e
_ (,!5...- x ) 1ell-ex n

f,
- e (!5...- x ) - e

2
('-~'l _X)2

1 - ex n 2(1 - ex)2

l 1 (' k '
+ nx 1+- --x)

x n

x l~ (!5... -_. x) - _I, (!5... _x) 2 - ~ (!5... - x)' '1
X ,n 2:c n 2x n

11 / k ) 2

= 2x(l-ex) (-;-x +OJn
l

'''),
11 --> CD,
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uniformly for k E A nix). Therefore we have uniformly for all k E A ,,(x)

I -/1 (k 21W,,(x) = exp . --- x) .
2x(l-ex) 17

/1-'00. (2.8 )

Relation (2.5) now follows by (2.6) and (2.8).•

An application of Theorem 2.1 completes the proof.

(b) Part (b) of Theorem 2.2 was already proved by Rathore 15:
p. 53 f.1 (cf. Lorentz 14; pp. 15-1 71 ).

(c) For the sequence 4>n(x) = exp(-l1x) the result of part (c) was
proved by Rathore 15; p. 40 f.1.

For the sequence 4>n(x) = (I - ex)n!, (e < 0) the result of part (c) can be
proved in the same way as Step II in the proof of part (a). I

Remark. Moreover. by means of Lemma 1.4 we can prove the following
completion of Theorem 2.2:

Let (4)n)nE\ be a sequence of functions. which satisfies the conditions of
Definition I.1 on an interval 10, bI with e E , then the asymptotic extension

_ 1 I . 3 . 5 '" (2m - I )(x( 1- ex))
Tn((t - x),m; x):::::: ·~~-n-,~~--

11

F(2m + 1)/2)

VH
holds for all x E 10, b I and all m E 11\

l2X(I: ex) 1
11I

3. THE LOCAL NIKOLSKII CONSTANTS

Let X, i be two subsets of IH with icx. For a sequence (Ln)nEI! of
operators, defined on the domain C\1(X) into the domain ceX). the error in
approximating a subclass A c C~f(X) by L n , at a given point x is defined to
be

J(L n : A; x) := sup IL n(}: x) -- f(x)l.
lEI

If there exists a numerical sequence If'n(L; A) ~ 0 as 11 ~ 00, such that

(3.1 )

J (L n; A ; x) = C(L; A ; x) If',.(L; A ) i- 0, ( If'n (L: A )). 11 --~ oc. (3.2 )

where C(L; A; x) is a positive number. then C(L; A; x) is called the local
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Nikolskii constant corresponding to the order 'Pn(L; A) of approximation of
the class A. at the point x. by the operator Ln'

In this section A is always one of the following three classes

Lip(C(X)~a; 1):= UE C(X): I/(x + h) - l(x)1 ~ Ihi".
\/x. x + hEX}. 0 < a ~ 1;

Lip*(C(X); a; 2):= UE C(X): I/(x + h) - 2/(x) +I(x - h)1
~2Ihl".\/x.x±hEXr. O<a~2~

W111(C(X):a; 1):= UE CI(X):j' E Lip(C(X)~a; 1)1. 0 <a~ I.

Moreover we want to study the approximation of higher order. Thus we
consider the quantity

I 'I, Ilkl(x) . 'I

L1(Ln;a:q~x):=. sup ILn(f(t)- ~ -.-,_(t-X)k;X)
!EW"iI(CCn:a:l) k 0 k. ,

with

W1ql(C(X): ex; 1) := U E C«iI(X): 1('1) E Lip(C(X)~ a; 1n.
0< a ~ 1. q EN.

Now. using estimation (2.1) and the results of 13; Theorems 2.3-2.41. we get
(a) for the sequence (TI1 )I1E1,

il( 1',,: Lip(CIO. 00): a. I): x).

O<a~l

1(1',,: Lip*(C[O. 00): a: 2): x),

,1(1',,: W'''(CIO. oo):a: I):x),

O<a<1

J(T,,: W"j(CIO.oo): I; I);x).

,1(1",,:a:q:x).

q even, °< a ~ I

.1(1',,: a: q: x).

q odd. 0< a < I

,j ( Tn: I: q: xl.
q odd

Order of
approximation

11 ((l <- 11 ~

II

n (4+ 11/2

Local

Nikolskii constant

F(a + 1)/2) (2x( 1 _ ex»)'"
yin

1
-x(! -C\)2 .

r(a + q + 1)/2) (2x( I _ ex»I" tqj/2

(I + a)qY;

['«q + 2)/2) (2x( 1- ex»,q '"
(q + I)! vIrr
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(b) for the sequence (Tn)n Elj

Order of
approximation

1(T,,: Lip(C(I ): (I: I): x).

o (I I

Local
Nikolskii constant

/(((1 + 1)/21
·······,·····,(2\(1 n)I'

c1( T,,: Lip *(C( i ): (I: 2): x).

0<(1 2

c1(i,,: W'Ii(C( ):(1: I):x).

0(11

1(1".<(;(/:XI.

if even. 0 , <t

,1( Tn: it: if: x).

if odd. () it

II

In t I) ~

II

Jl In 'I)

1"((0 1)/2)
(2\( t ex))"

\

2(1 '/(((1 + 2 )12)
(2\1 t ex)I'"

Jr

!(Iu I if I 1)·21
(2,\( I exll"" 'I'

II I- (tl" \ 1:

(1Io),/V1:

where (I + ex),,:= 11% I (ex -+ k).

Remark. From Theorem 2.2 we have learned that the above results are
valid

(a) for 0 < x < min(b. 1/(2c)). if the sequence (lPnl nE sattsfies all
conditions of Definition 1.1 on an interval 10. b] with c > O. (in particular for
0< x < l. if c = l. lPn(x) = (I ,- xn;

(b) for all x>O. if lPn(x) = exp(--nx) (c=O) or lPn(x) = (I cx)n
(c < 0).
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